In this work, the theoretical calculation of excited-state ionization potentials for 1s 2 2p 2 D 1/2 iso-spectrum series of lithium-like elements were carried out using a weakest bound electron potential model theory for nuclear charges from Z = 3 to Z = 18. The Breit-Pauli approximation was used for relativistic contributions. The obtained values are compared with the experimental results from literature. The overall agreement between data obtained in this work and experimental data from literature can appear to be quite good being generally within 0.1% of experimental values.
Introduction
Some considerable efforts have been made to determine the ionization potentials accurately for scientists studying physics, chemistry, and some other areas. They provide a crucial piece of information about the electronic structure and, therefore, are often used as benchmarks for theoretical methods [1] . The first ionization potential is a fundamental physical/chemical property of an element. An accurate determination of the first ionization potential connected directly to the atomic spectra is very important to know the element, interpret the systematic trends in the binding energies from element to element and put some conclusions about the electronic structure of atoms [2] . Since alkali atoms have only one outer electron energetically separated from the inner cores and have a simple electronic structure, they are popular subjects of theoretical and experimental investigations. This simplicity makes it possible to perform calculations in a very high accuracy tested by employing the comparison with known experimental level energies [3] . The accuracy of the data for lithium-like sequence is very important for understanding and interpretation of main physical and chemical processes. The calculation of the ionization potentials of atomic or ionic systems have been carried out using R-matrix method [4] , multi-configuration Hartree-Fock (MCHF) method [5] , relativistic configuration interaction (CI) method [6] , relativistic many-body perturbation theory (MBPT) [7] , and multi-configuration Dirac-Fock (MCDF) methods [8] . Recently, Zheng et al. have introduced a new method called the weakest bound electron potential model theory (WBEPMT) for the calculation of ionization potentials [9] [10] [11] [12] .
In this work, we employed a concept of iso-spectrum-level series in order to study the ionization potential of excited states in lithium-like sequence. While non--relativistic ionization potential of excited levels is derived from the WBEPM theory, the relativistic corrections of ionization potential in the Breit-Pauli approximation are expressed as a fourth-order polynomial in the nuclear charge Z.
Theoretical method
In many well-known theoretical methods, some configurations and orbital basis-set functions are required to obtain more accurate results for the high excited or ionized states and, therefore, this makes the calculation much more complicated. Studying the highly excited states or ionized states of atoms using the well-known ab initio methods is also very difficult. The ionization potentials can, sometimes, be obtained using some experimental methods in atoms or ions but a theoretical calculation of the ionization potentials may not be performed so easily. Experimental determination of electronic energies with high accuracy is also not so easy. Therefore, in general, only a few first ionization potentials of a given iso-electronic series are available and can be reached easily [13] . However, theoretical and experimental works in the literature are concerned generally with low excited states and low ionized states rather than highly excited or ionized states.
In this paper, a semi-empirical method based on WBEPM theory and the concept of iso-spectrum-level series have been used for the accurate extrapolation of ionization potentials as a function of the nuclear charge. In this approximation, the ionization potentials of ground states can be studied along an iso-electronic series [9] . All atomic or ionic terms of the iso-electronic series have the same electron configuration. Thus, the concept of the iso-electronic series can only give some information associated with an electronic configuration and is unsuccessful to determine the ionization potentials of excited states. Therefore, the iso-spectrum-level series can conveniently be used in the determination of the ionization potential. The iso-spectrum-level series consists of some levels having the same level symbol in a given iso-electronic series. In this concept, the electron configuration, spectrum terms, and spectrum energy levels are all the same and the sole variable is the nuclear charge Z [9] .
The atomic and ionic energy can be given as a sum of non-relativistic energy and relativistic energy to be [9] [10] [11] [12] :
where I nr (Z) and I r (Z) are the non-relativistic and the relativistic potential, respectively, I(Z) denotes the sum of non-relativistic and relativistic energies.
In this study, the non-relativistic potential I nr (Z) was calculated using the WBEPM theory and the relativistic potential I r (Z) was calculated using the BreitPauli approximation.
The WBEPM theory was developed by Zheng and has been applied to calculate various atomic properties, such as energy levels, ionization potentials, transition probabilities, oscillator strengths, and lifetime of excited levels in the many--electron atomic and ionic systems. This method is mainly based on the distinction of the weakest bound electron (WBE) and non-weakest bound electrons (NWBEs) in given atomic or ionic systems. By separation of the electrons in a given system, complex many-electron problems can be simplified as a single electron problem and then it can be solved more easily [14] [15] [16] [17] [18] [19] . According to the WBEPM theory, the Schrödinger equations of the weakest bound electron under non-relativistic conditions are given as [16] :
where ψ i is the wave vector for i-th electron, ε i is the energy eigenvalue of i-th electron, and V (r i ) is
where Z * is an effective nuclear charge, n is the principal quantum number, l is the angular momentum quantum number of the weakest bound electron. The effective principal quantum number n * and effective angular momentum quantum number l * are given in d being defined to be n * = n + d and l * = l + d. These are shortly defined below Eq. (3).
According to the WBEPM theory, the WBE moves in the potential field produced by the nucleus and the NWBEs. This potential field can be divided into two parts, one of which is the Coulomb potential and the other one is the dipole potential. Because of shielding effect of the NWBEs, the WBE is subjected to an effective nuclear charge Z * . Since the WBE polarizes the atomic core, a dipole moment is produced. This dipole moment affects the behavior of the WBE and the potential function produced by this dipole moment can be defined as in Eq. (3). In this case, the principal quantum number n and the angular momentum quantum number l of the weakest bound electron are replaced by the effective principal quantum number n * and effective angular momentum quantum number l * , respec-tively. The introduction of d effectively modifies the integer quantum numbers n and l into the forms of non-integer momentum numbers to be n * = n + d and l * = l + d. These terms differ from the usual core polarization potential which behaves asymptotically as 1/r 4 , in which the effective dipole moment of the core is used as a parameter rather than being derived from the polarizability of the core in the electric field of the WBE [19] .
In Eq. (3), V (r i ) is the potential function produced by the non-weakest bound electrons and nucleus. Moreover, Z * is the effective nuclear charge, r i is the distance between i-th weakest bound electron and nucleus, and l is the angular momentum number of the weakest bound electron. In this method, the effect of the screening of other electrons except for the weakest electron is not exact. Therefore, the Coulomb term of potential in the WBEPM theory is used as the effective nuclear charge Z * defined to be [9] [10] [11] [12] :
The parameters given in Eq. (4) can be determined from the definition of the iso-spectrum-level series. Here Z 0 is the nuclear charge and σ is the screening constant of the first term in the iso-spectrum-level series. g is a relative increase factor that indicates the effect on the effective nuclear charge resulting from the increased nuclear charge in the series. The ionization potential of an atom or ion is given as [9] [10] [11] [12] :
As mentioned above, the excited state ionization potential is also not an invariant function of nuclear charge. The n * parameter can be determined by using the first difference of the non-relativistic ionization potential. If we plot the first differences of experimental ionization energies ∆I exp = I(Z + 1) − I(Z) versus nuclear charge Z in the iso-spectrum-level series, we find a linear relationship as shown in Fig. 1 .
It can be clearly seen from Fig. 1 that the effective principal number n * is approximately constant in the iso-spectrum-level series and can be obtained simply from the slope of the curve. The parameter σ, the screening constant of the first term in the iso-spectrum-level series, is calculated from Eq. (5). The relative increase factor g is the arithmetic average of the g i obtained from the same equation. We have employed each term given in the iso-spectrum-level series to obtain the parameters. In this study, we have employed the Breit-Pauli approximation for the relativistic effects. The terms including relativistic effects increase approximately as the fourth power of nuclear charge Z [20] . In order to improve accuracy and reliability on the ionization potential values, the relativistic corrections should be employed in the calculations. The relativistic corrections of the iso-spectrum-level series could be determined from a fourth-order polynomial in nuclear charge [10] : Fig. 1 . A plot of the first differences of experimental ionization energies ∆I exp versus the nuclear charge Z along some iso-spectrum level series of lithium-like sequence.
where Z i is used for the calculation of relativistic contribution and effective nuclear charge of relevant atom. According to Eq. (1), I r = I −I nr and a i parameters can be easily obtained. In this study, a i parameters have been determined using the value of I exp − I nr . The value of I exp is obtained from literature [21] . Thus, the ionization potential of the iso-spectrum-level series could be calculated from Eq. (7) [9] [10] [11] [12] :
Results and discussions
We have studied the determination of the ionization potential of the excited states in the lithium-like sequence with Z = 3-18 for 1s 2 2p
2 D 3/2 series using the definition of iso--spectrum-level series, weakest bound electron potential model theory, and the Breit-Pauli approximation. The relativistic effects must be considered to obtain more accurate results for the ionization potential. The calculations of the ionization potentials of atomic or ionic systems have been performed using some powerful methods. In well-known theoretical methods, the ionization potentials of lithium--like sequences are studied for low excited states and low ionized states rather than for high excited or ionized states. The calculations are complex and difficult for the high excited and ionized states of lithium-like sequences.
In general, the relativistic effects are less important for atoms having a low nuclear charge Z. For example, from Li atom to Ne atom, the relativistic corrections are about 0.01-0.1% of total energies [22, 23] . The main relativistic contributions to the ionization energy increase up to the fourth power of nuclear charge Z of the iso-spectrum-level series [24] . Therefore, we employed Eq. (7) to correct the relativistic effects. In our calculation, the potential function in Eq. (3) represents the non-relativistic electrostatic potential acting on the WBE. Therefore, the energy eigenvalue of the WBE in Eq. (5), calculated using the potential function, should be of a negative value of the non-relativistic ionization energy of the WBE. However, the experimental data have been used to determine the relevant parameters given in Eq. (4). In Table I the parameters of Eq. (4) for the relevant series are listed. Table II shows the present results and experimental energy values [21] for these series. The differences between the experimental energy values and our results are also given Table II. Table III shows the present result I present including the relativistic corrections and these are displayed in comparison with compiled experimental values in column 2 for each sequence. In this study, the deviations ∆I exp−present between our results and experimental data are ≤ 0.09 eV for nuclear charge Z = 2 D 1/2 series. It can be seen that the present results are in good agreement with experimental energy values for these series. In all of these series, the experimental data from Z = 3 to Z = 18 are used to obtain the parameters and our results from Z = 3 to Z = 18 are calculated from Eq. (6). The results calculated in this work present a good agreement with experimental data and the agreement is generally within 0.1%. According to the results obtained in this work, the approximation that the excited state ionization potentials are non-invariant functions of nuclear charge Z is sufficient and successful for ionization potential calculations. The results are simply and accurately obtained using this method.
